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POSITIVE PRESENTATIONS OF THE BRAID GROUPS
AND THE EMBEDDING PROBLEM
JAE WOO HAN AND KI HYOUNG KO
Abstract. A large class of positive finite presentations of the
braid groups is found and studied. It is shown that no presenta-
tions but known exceptions in this class have the property that
equivalent braid words are also equivalent under positive relations.
1. Introduction
We will discover a large class of positive finite presentations of the
n-braid group. Roughly speaking, a presentation in this class has a
set of generators determined by a connected graph with n vertices im-
mersed in a plane in such a way that each pair of edges intersects at
most once. Our class of presentations includes all known positive finite
presentations such as the Artin presentation[1], the band-generator pre-
sentation in [3, 9] and all of Sergiescu’s presentations in [11]. Our first
objective is to find a (minimal) collection of positive relations among
generators given by a graph as above so that it becomes a presentation
of the n-braid groups.
The semigroup of all positive words plays a crucial role in the solu-
tions to the word problem and the conjugacy problem for the n-braid
group given by Garside[7], Thurston[6], and Elrifi-Morton[5]. Their
solutions are based on the property that the semigroup embeds in the
whole group. Birman-Ko-Lee’s recent work[3] also requires this embed-
ding property in order to give a fast solution to the word problem in
the band-generator presentation. Our second objective is to prove that
with a few exception all presentations in our class have the embedding
property. The Artin and the band-generator presentations are the only
nontrivial exceptions. Consequently these two among all presentations
are natural and interesting for further study.
2. Immersed graphs and known presentations
The n-braid group Bn is the group of isotopy classes of orientation-
preserving automorphisms of an n punctured plane R2 that fix the set
of punctures and the outside of a disk containing all punctures. It is
customary to place punctures on the x-axis and equally spaced. Ignor-
ing the punctures, such an automorphism is a homeomorphism of R2
permuting the punctures and so is isotopic to the identity map ofR2. A
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geometric braid is determined by taking the trace of the punctures un-
der this isotopy. When the punctures are not in the customary location,
there is a choice of homeomorphisms of R2 that send the punctures to
their customary location and a geometric braid is uniquely determined
up to conjugation in this case.
Since the symmetric group over n letters is naturally a quotient of
Bn, an automorphism that exchanges two punctures is a candidate for
a generator of Bn and a typical automorphism of this type can be easily
depicted as an arc connecting the two punctures so the automorphism
exchanges two punctures clockwise or counterclockwise inside an an-
nulus lying along the arc. See Figure 1 for an example. This type of
braids will be called the half twist along the given arc.
Figure 1.
Therefore by regarding the punctures as vertices and a collection of
these arcs as edges, we have a graph Γ immersed in R2 satisfying the
following properties:
1. There are no loops;
2. Edges have no self-intersections;
3. Two distinct edges intersect either at interior points transversely
or at common end points.
4. There is at least a vertex inside a “pseudo digon”, that is, a region
cobounded by two subarcs from two edges so that corners of the
region are either two interior intersection points or one vertex and
one interior intersection point.
If the number of intersections among edges is minimized, for exam-
ple, by making all edges geodesics in the hyperbolic structure of the
punctured plane, the condition (4) holds automatically. Two immersed
graphs are regarded as equivalent if one graph can be transformed to
the other by an orientation-preserving homeomorphism ofR2. Thus we
may assume that vertices lie on the customary locations if necessary.
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Throughout this article, graphs mean immersed graphs in R2 satis-
fying the condition discussed. If graphs are embedded in R2, we call
them planar. The set of edges in a graph Γ with n vertices corresponds
to a set of elements in Bn as in Figure 1. Two equivalent graphs deter-
mine two sets of braids that differ by an inner automorphism of Bn. If
the set corresponding to edges generates Bn, we say that Γ generates
Bn and we are interested in graphs that generate Bn. Since an edge of
Γ corresponds to a transposition in the symmetric group, a graph that
generates Bn must be connected in order to permute any two vertices.
But there are connected graphs that do not generate Bn. The prob-
lem of deciding when an immersed graph generates the braid group is
considered elsewhere[8].
We now discuss how a braid word corresponds to an edge of a graph
with n vertices in the customary location. The Artin generator σi(or
σ−1i ) for i = 1, . . . , n−1 corresponds to the clockwise(counterclockwise,
respectively) half twist along the straight edge joining the i-th and the
(i+ 1)-st vertices. Given an edge of a graph, we simplify the edge via
a sequence of half twists σi or σ
−1
i for i = 1, . . . , n− 1 until it becomes
a straight edge corresponding to, say, σk. The required sequence can
be expressed as a word W in Artin generators in which a half twist
applied later is written on the left. Then the edge that we started with
corresponds to the braid word W−1σkW . The word W is not uniquely
expressed but W as an element of Bn is well-defined. The inverse of
this correspondence is similar. Given a conjugate W−1σkW , apply a
sequence of half twists determined from right to left by W−1 to the
straight edge σk. Consequently each edge of a graph with n vertices
is uniquely represented by an element in Bn that can be written as a
conjugate of an Artin generator. The following lemma summarizes this
discussion.
Lemma 2.1. A braid β in Bn is the half twist along an arc joining two
punctures in the plane if and only if β can be written as a conjugate of
an Artin generator or its inverse.
From now on as long as no confusion arises, we will not distinguish
three concepts, namely an edge of a graph, the half twist along the
edge, and a conjugate word expressing the edge. Since any two Artin
generators are conjugate each other, any half twist along an arc cor-
responds to a conjugate of a fixed Artin generator. The following is
immediate from the above lemma.
Corollary 2.2. A graph Γ of n vertices generates Bn if and only if
each Artin generator can be expressed as WαW−1 for some edge α and
some word W on edges of Γ.
In the view of the above corollary, it is important to know how the
conjugate of an edge by another edge in a graph looks like. Let α and
β be words in Bn that express edges of a graph. If the edges α and β
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do not intersect each other and are not adjacent, they commute and so
αβα−1 = β = α−1βα. If the edges α and β do not intersect each other
and are adjacent, the three edges α, β, and αβα−1 = β−1αβ form
a triangle counterclockwise and the three edges α, β, and α−1βα =
βαβ−1 form a triangle clockwise as in Figure 2. We note that there
should be no other vertex inside the triangles and this can be achieved
by drawing thin triangles inside a sufficiently small neighborhood of
the union of two edges α and β. When the edges α and β intersect
at an interior point, one can still describe the edges αβα−1 and α−1βα
but we do not need them in this article.
Figure 2.
Give a set E of generators of the n-braid group Bn, a positive word in
E is a product of positive powers of generators in E. A presentation of
a group is finite if there are finitely many generators and relations. A
presentation is positive if all defining relations are equations of positive
words in generators.
We now introduce the graphs that corresponds to some of known
positive finite presentations of the braid groups. The set of Artin gen-
erators σ1, σ2, σ3, . . . , σn−1 of Bn forms the graph in Figure 3 and a
minimal set of defining relations is given by
σiσjσi = σjσiσj if |i− j| = 1
σiσj = σjσi if |i− j| > 1.
Figure 3.
The graphs in Figure 3 will be called the Artin graph.
Sergiescu [11] showed how a finite presentation of Bn can be obtained
from any planar connected graph with n vertices. He described a suf-
ficient set of positive relations that depend only on the geometry of a
given planar graph. We will give a minimal set of positive relations as
a corollary of the main theorem in §3. Let n be the number of vertices
in Γ. By choosing a fixed n points in R2 and a homeomorphism of R2
that sends vertices of Γ to the n fixed points, the group BΓ introduced
in [11] is identified with the n-braid group Bn. These presentations of
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Bn will be called Sergiescu’s presentations. The relations in a Sergi-
escu’s presentation are highly redundant but they are useful when we
need to find a relation locally given by a planar graph.
Recently a new presentation of Bn called the band-generator pre-
sentation has been developed by Birman-Ko-Lee[3]. This presentation
has
(
n
2
)
generators ats for 1 ≤ s < t ≤ n corresponds to the graph in
Figure 4 and defining relations:
atsasr = atrats = asratr for all t, s, r with n ≥ t > s > r ≥ 1
atsarq = arqats if (t− r)(t− q)(s− r)(s− q) > 0.
The Artin generator and the band-generators are related as
ats = (σt−1σt−2 · · ·σs+1)σs(σ
−1
s+1 · · ·σ
−1
t−2σ
−1
t−1)
and
σt = a(t+1)t.
The set of band-generators are depicted as the graph in Figure 4 that
will be called the inner complete graph.
Figure 4.
The relations atsasr = atrats = asratr will be called a triangular
relation. A triangular relation is derived whenever a new generator is
introduced by means of a conjugation of an edge by an adjacent edge.
Triangular relations serve as building blocks of positive relations in the
braid groups.
3. Positive Presentations from linearly spanned graphs
After an immersed graph is turned into a planar graph by regarding
all interior intersections as vertices, a region bounded by a closed edge-
path is called a pseudo face if the edge-path contains at least one vertex
that is an interior intersection of two edges as in Figure 5.
A graph Γ is said to be linearly spanned if it is connected and there is
no vertex in any pseudo face of Γ. A connected subgraph of a linearly
spanned graph is clearly linearly spanned. Two edges of a linearly
spanned graph intersect each other at most once since any pseudo digon
cobounded by two edges can not exist in a linearly spanned graph.
All planar graphs and all subgraphs of the inner-complete graph are
linearly spanned. For example the graph on the left in Figure 6 is
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Figure 5.
Figure 6.
neither planar nor a subgraph of the inner-complete graph but it is
linearly spanned, and the graph on the right is not linearly spanned
The following lemma justifies the terminology ”linearly spanned”.
Lemma 3.1. A linearly spanned graph that is a tree is equivalent to a
subgraph of the inner-complete graph.
Proof. Choose a point x far away from the graph. Since the graph is a
tree and no vertices are surrounded by edges, there are n arcs that join
x to each vertex and are disjoint each other and are disjoint from the
graph as in Figure 7. Choose a new horizontal axis disjoint from the
graph and move each vertex along each arc by a homeomorphism so
that it lies on the new axis as Figure 7. Then the result is a subgraph
of the inner complete graph.
Figure 7.
Corollary 3.2. A linearly spanned graph Γ with n vertices generates
Bn.
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Proof. A maximal tree of Γ is equivalent to a connected subgraph of
the inner-complete graph from which we can obtain the inner complete
graph by adding missing edges that are conjugates of an existing edge
by an adjacent edge.
Lemma 3.3. Let T be a linearly spanned tree with n vertices. Then T
generates Bn with
(n−1)(n−2)
2
positive relations described as in the proof
below.
Proof. Induction on n. It is trivial when n = 2. Suppose a linear
spanned tree T ′ with n − 1 vertices generates Bn−1 with
(n−2)(n−3)
2
positive relations. We add a new vertex and a new edge α to T ′. For
each edge β of T ′, we will have a new positive relation so that n − 2
new positive relations will be added. In the following we use Tietze
transformations [12] that add and delete a generator(s) denoted by λ
or µ to utilize triangular relations.
1. If α and β have no intersection, add the positive relation
αβ = βα.
2. For each set of edges β1, . . . , βm simultaneously adjacent to α at a
vertex of valency m+1 as in Figure 8(a), add m positive relations
αβmα = βmαβm
αβ1βmα = βmαβ1βm
...
αβm−1βmα = βmαβm−1βm
3. If α and β intersect and form a pseudo face as in Figure 8(b), add
the positive relation
β1β2 · · ·βmαββ
2
1β2 · · ·βmαββ1β2 · · ·βm−1
= β2β3 · · ·βmαββ
2
1β2 · · ·βmαββ1β2 · · ·βm
that is derived from βλβ = λβλ where
λ = β1β2 · · ·βmαβ
−1
m · · ·β
−1
2 β
−1
1
= β−1β−1m · · ·β
−1
2 β1β2 · · ·βmα
4. If α and β intersect and form a pseudo face as in Figure 9(a), add
the positive relation
β1β2 · · ·βmαββ1β2 · · ·βm = β2β3 · · ·βmαββ1β2 · · ·βmα
that is derived from βλ = λβ where
λ = β1β2 · · ·βmαβ
−1
m · · ·β
−1
2 β
−1
1
= β−1β−1m · · ·β
−1
2 β1β2 · · ·βmα
8 JAE WOO HAN AND KI HYOUNG KO
γ
Figure 8.
5. If α and β intersect and form a pseudo face as in Figure 9(b), add
the positive relation
γ2 · · · γℓαββ1 · · ·βmγ1 · · ·γℓαββ1 · · ·βm−1
= β1 · · ·βmγ1 · · · γℓαββ1 · · ·βmγ1 · · · γℓ
that is derived from λµ = µλ where
λ = ββ1β2 · · ·βmβ
−1
m−1 · · ·β
−1
2 β
−1
1 β
−1
= β−1m · · ·β
−1
1 ββ1β2 · · ·βm
µ = γ1γ2 · · · γℓαγ
−1
ℓ · · · γ
−1
2 γ
−1
1
= α−1γ−1ℓ · · · γ
−1
2 γ1γ2 · · · γℓα
γ
γ
Figure 9.
The following is the main theorem of this section and the known
presentation mentioned in the previous section can be obtained from
this.
Theorem 3.4. Let Γ be a linearly spanned graph with n vertices. Then
Γ generates Bn with
(n−1)(n−2)
2
+ k positive relations described as in the
proof below where Γ has n+ k − 1 edges.
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Proof. Choose a spanning tree T of Γ. Then a linearly spanned tree T
generates Bn with
(n−1)(n−2)
2
positive relations as in Lemma 3.3. When
each edge α in Γ−T are added, a circuit is formed and the circuit give
a new positive relation as follows:
1. If α forms a circuit with no intersection with other edges as in
Figure 10, add the positive relation
αβ1β2 · · ·βl−1 = β1β2 · · ·βℓ
where we regard that the circuit bounds a polygonal disk by cut-
ting open all edges inside the circuit as in Figure 10.
Figure 10.
2. If α forms a circuit with some intersections with other edges as in
Figure 11, add the positive relation
β11β12 · · ·β1l1β2l2αβ2(l2−1) · · ·β22
= β12 · · ·β1l1β2l2αβ2(l2−1) · · ·β22β21
Figure 11.
4. Embedding problem
Two positive words U , V in a positive presentation will be said to
be positively equivalent if they are identically equal or they can be
transformed into each other through a sequence of positive words such
that each word of the sequence is obtained from the preceding one by
a single direct application of the defining relations. And we will write
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U
.
= V if U and V are positively equivalent. Given a positive finite
presentation 〈X |R〉 of Bn, let B
+
n be the free semigroup generated
by X modulo R. If any two equivalent positive words U and V are
positively equivalent, then we say that the semigroup B+n embeds in
Bn or the presentation 〈X |R〉 has the embedding property. A set X
of generators is said to have the embedding property if a presentation
〈X |R〉 has the embedding property for some finite set R of positive
relations. The embedding problem of a graph that generates Bn with
positive relations is to decide whether the set of generators given by
the graph has the embedding property. Thus a graph does not have
the embedding property if and only if no finite set of positive relations
over the set of generators given by the graph form a presentation with
the embedding property.
Garside[7] showed that the Artin presentation has the embedding
property and Birman-Ko-Lee[3, 9] showed that the band-generator pre-
sentation has the embedding property. We will show that linearly
spanned graphs with more than 3 vertices do not have the embedding
property except these two presentations. There are 4 possible linearly
spanned graphs with 3 vertices as in Figure 12.
Figure 12.
The first two graphs give the Artin and the band-generator presenta-
tions of B3. The last two graphs have multiple edges. We do not know
whether these graphs have the embedding property. In particular the
following presentation with 4 defining relations:
〈α, β, γ |αβα = βαβ, γβγ = βγβ, β2γ = αβ2, βγα = γαβ〉
may have the embedding property. But all known techniques as in
[2, 3, 4, 9, 10] fail to apply to this example. We will try to avoid these
unknown exceptions in the following discussion by allowing no multiple
edges.
A subgraph Γ′ of a graph Γ is said to be full if every edge in Γ joining
two vertices in Γ′ is also in Γ′.
Theorem 4.1. Let Γ′ be a connected full subgraph of a linearly spanned
graph Γ. If a graph Γ has the embedding property and there is a circle
C such that C contains Γ′ inside and all vertices in Γ− Γ′ lie outside,
then Γ′ also has the embedding property.
Proof. Let X and X ′ be the set of generators given by Γ and Γ′, re-
spectively and let R be a finite set of positive relations on X such that
〈X |R〉 has the embedding property. Let R′ be the set of relations on
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X ′ which is a “full” subset of R in the sense that R′ contains all rela-
tions in R written on X ′. We will prove by contradiction that 〈X ′ |R′〉
has the embedding property. Suppose that there exists a pair of posi-
tive words U, V on X ′ such that U, V are equivalent in the braid group
but are not positively equivalent under R′. Since 〈X|R〉 has the em-
bedding property, U
.
= V under R. Thus there is a sequence of positive
words W1, . . . ,Wk over X such that U
.
=W1
.
= · · ·
.
=Wk
.
= V under R
and each positive equivalence is obtained by one direct application of
relations in R. The sequence must contain at least one positive word,
say Wi, that is not written solely on X
′, otherwise U
.
= V under R′.
In the view of Lemma 3.3 and Theorem 3.4, it is impossible that R
contains any relation W =W ′ such that W ′ is a positive word over X ′
and W is a positive word over the edges that are not incident to any
vertex of Γ′. Furthermore Γ′ is a full subgraph of Γ. Thus Wi must
contain an edge that joins a vertex v in Γ′ to a vertex w not in Γ′. Let
β be such an occurrence that comes last in Wi. Since Γ
′ is connected,
the vertex v is joined to another vertex u in Γ′ by an edge α. As an
automorphism of the punctured plane, U does not change the circle
C because the edges for U never touch C. On the other hand we will
show Wi must change C and this is a contradiction because U and Wi
are isotopic as automorphisms of the punctured disk. The automor-
phism Wi is the composition of the counterclockwise half twists along
edges in Wi. Then the counterclockwise half twist along β creates an
intersection x of C with the edge α. The intersection x can disappear
only via a clockwise half twist along an edge incident at either u or v as
in Figure 13. But all of half twists in Wi are counterclockwise because
Wi is a positive word over edges,
Figure 13.
We think the above theorem also holds when we replace the condition
”linearly spanned” by ”connected”.
Lemma 4.2. A linearly spanned graph Γ with 4 vertices has at most
one intersection among its edges.
Proof. An intersection between two adjacent edges always creates a
pseudo face that must contain a vertex and so there is no intersection
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between adjacent edges in a linearly spanned graph. Suppose Γ has
more than one intersection. Figure 14 shows a typical situation with
one intersection and another intersection x. The edge α must join
vertices v1 and v3, otherwise x is an intersection between two adjacent
edges. One can easily check that all possibilities of completing α create
a pseudo face containing at least a vertex.
Figure 14.
Lemma 4.3. Let Γ be a linearly spanned graph and X be the set of
generators given by edges of Γ. Suppose that for each k = 1, 2, . . . , there
are positive words W ≡ αV β and W ′ ≡ α′V ′β ′ over X for α, α′, β, β ′
in X such that
(i) W = W ′;
(ii) the word length |W | = |W ′| = k + c for some constant c;
(iii) αV 6= α′P and V β 6= Qβ ′ for any positive words P,Q over X
Then the graph Γ does not have the embedding property.
Proof. Let 〈X |R〉 be any positive finite presentation of the braid group.
The hypothesis (iii) implies that any shorter positive relation than
W = W ′ itself can not make W positively equivalent to W ′. Choose a
large k such that W = W ′ is longer than any relation in R. Then W
is not positively equivalent to W ′ over R.
The following theorem completely determines when a linearly spanned
graph with 4 vertices and no multiple edges has the embedding prop-
erty. In the proof given below, P (α1, . . . , αk) or Q(α1, . . . , αk) will
denote a positive word over the generators α1, . . . , αk.
Theorem 4.4. Among all linearly spanned graphs with 4 vertices and
no multiple edges, only two of them, the Artin graph and the inner
complete graph as in Figure 15, have the embedding property.
Proof. The graphs in Figure 15 give the Artin presentation and the
band-generator presentation. So they have the embedding property.
In order to show that all other linearly spanned graphs with 4 vertices
do not have the embedding property, we appeal to Lemma 4.3. To
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Figure 15.
check the hypothesis (iii) of the lemma, we use the fact that the band-
generator presentation has the embedding property so that the positive
equivalence in the presentation is the same as the equivalence in the
braid group. We also utilize the left and right cancellation theorem and
the left and right canonical forms in the band-generator presentation
in [3, 9].
In the view of Lemma 4.2, the graphs being considered are divided
into two types: planar graphs and graphs with one intersection among
edges.
Planar graphs. Planar graphs with 4 vertices can be divided further
into three types: graphs containing neither a triangle nor a rectangle,
graphs containing at least a rectangle, and graphs containing at least
a triangle but no rectangle, where a triangle (or a rectangle) is non-
degenerate, that is, must have 3 (or 4, respectively) vertices and must
contain no other vertices inside.
I. Graphs containing neither a triangle nor a rectangle. This
type is further divided into two types (i) and (ii).
Figure 16.
(i) Graphs containing a vertex adjacent to all of remaining
three vertices. We may have two possible graphs as in Figure 16 up
to equivalence. For each of these two graphs, let W = α1α2α
k
3α1 and
W ′ = α2α
k
3α1α2. We will show that W and W
′ satisfy Lemma 4.3.
Add the edges λ, µ, ν so that these edges together with α1, α2, α3 form
an inner-complete graph. Then
α1α2α
k
3α1 = α2λα
k
3α1 = α2α
k
3λα1 = α2α
k
3α1α2
14 JAE WOO HAN AND KI HYOUNG KO
and so W =W ′.
Suppose α1α2α
k
3 = α2P for some positive word P in the band-
generator presentation. Then U
.
= λαk3 by the left cancellation in
the band-generator presentation. But λαk3 may only start with λ or α3
which commute. Thus P can not be written over α1, α2, α3. Similarly
α2α
k
3α1 6= Q(α1, α2, α3)α2. Thus W satisfies (iii) of Lemma 4.3.
Due to the triangular relation λµ = µα4 = α4λ, W can not be
equivalent to a positive word over α1, α2, α3, α4 that contains α4 since
W is not positively equivalent to a positive word in the band-generator
presentation that contains the subword λµ. Thus W,W ′ also satisfy
the hypothesis of Lemma 4.3 over α1, α2, α3, α4.
(ii) Graphs containing no vertex adjacent to all of remain-
ing three vertices. All possible graphs except the Artin graph have
multiple edges as in Figure 17.
Figure 17.
II. Graphs containing at least a rectangle. We may have two
possible graphs as in Figure 18 up to equivalence. For each of these
five graphs, let W = α1α
k
2α3 and W
′ = α3α
k
4α1.
Figure 18.
Add the edges λ, µ so that these edges together with α1, α2, α3, α4
form an inner-complete graph. Then
α1α
k
2α3 = α1α
k−1
2 α3λ = α1α3λ
k = α3α1λ
k = α3α4α1λ
k−1 = α3α
k
4α1
and so W =W ′.
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Suppose α1α
k
2 = α2P for some positive word P in the band-generator
presentation. Then P
.
= µαk−12 by the left cancellation in the band-
generator presentation. Thus P can not be written over α1, α2, α3, α4.
Similarly αk2α3 6= Q(α1, . . . , α4)α1. ThusW satisfies (iii) of Lemma 4.3.
Due to the triangular relation α1α4 = α4α5 = α5α1, W can not be
equivalent to a positive word over α1, . . . , α5 that contains α5 since W
is not positively equivalent to a positive word in the band-generator
presentation that contains the subword α1α4. Thus W,W
′ also satisfy
the hypothesis of Lemma 4.3 over α1, . . . , α5.
III. Graphs containing at least a triangle but no rectangle. In
this case, graphs are divided two types by the number of triangles.
(i) Graphs containing one triangle. We have one possible graph
as in Figure 19 up to equivalence. Let W = α1α2α3α4α1α
k
2α3α4 and
W ′ = α2α
k
3α4α1α2α3α4α1.
Figure 19.
Add the edges λ, µ so that these edges together with α1, α2, α3, α4
form an inner-complete graph. Then
α1α2α3α4α1α
k
2α3α4 = α1α2α3α1µα
k
2α3α4 = α1α2α1α3µα
k
2α3α4
= α2α1α2α3µα
k
2α3α4 = α2α1α2α3α
k
2µα3α4
= α2α1α
k
3α2α3µα3α4 = α2α1α
k
3α2µα3µα4
= α2α1α
k
3µα2α3µα4 = α2α1α
k
3µα2α3α4α1
= α2α
k
3α1µα2α3α4α1 = α2α
k
3α4α1α2α3α4α1
and so W =W ′.
Let α1α2α3α4α1α
k
2α3 = α2P . Then P = α1α2α3µα
k
2α3
.
= α1α2α3α
k
2α3λ.
The right canonical form of α1α2α3α
k
2α3 is α
k−3
3 (α1α3)α4(α3α2)(α3α2).
So α1α2α3α
k
2α3 may finish with α2, α3, α4 over the band-generators and
so λ or µmust appear in P . Similarly α2α3α4α1α
k
2α3α4 6= Q(α1, . . . , α4)α1.
(ii) Graphs containing two triangles. In this case triangles must
share at least 1 edge since we consider only 4 vertices. However if two
triangles share 2 edges then it must contain a multiple edge. Thus we
have two possible graphs as in Figure 20. For these two graphs, let
W = α2α
k
3α5α2α3 and W
′ = α4α
k
1α5α4α1.
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Figure 20.
Add the edges λ so that these edges together with α1, . . . , α5 form
an inner-complete graph. Then
α2α
k
3α5α2α3 = λ
kα2α5α2α3 = λ
kα2α5α3λ = λ
kα2α4α5λ
= λkα4α2α5λ = α4α
k
1α2α5λ = α4α
k
1α5α1λ
= α4α
k
1α5α4α1
and so W =W ′.
The left canonical form of α2α
k
3α5α2 is (α2α3)α
k−1
3 α5α2 and so it
can not start with α4 over the band-generators. Thus α2α
k
3α5α2 6=
α4P (α1, . . . , α5). The right canonical form of α
k
3α5α2α3 is α
k
3α5(α2α3)
and so it can not finish with α1. Thus α
k
3α5α2α3 6= Q(α1, . . . , α5)α1.
Due to the triangular relation α1α4 = α4α6 = α6α1, W can not be
equivalent to a positive word over α1, . . . , α5 that contains α6 since W
is not positively equivalent to a positive word in the band-generator
presentation that contains the subword α1α4. Thus W,W
′ also satisfy
the hypothesis of Lemma 4.3 over α1, . . . , α5.
Graphs with one intersection. The edges α1 and α3 that intersect
each other are transformed to the diagonals of a rectangle. Then 4
more edges are needed to make an inner-complete graph. We have four
distinct types of graphs, depending on how many edges are missing
from the inner-complete graph.
I. Three edges are missing. Figure 21 is the only possible graph in
this case. Let W = α3α1α
k
2α3α1α2 and W
′ = α2α3α1α
k
2α3α1.
Figure 21.
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Add the edges λ, µ, ν so that these edges together with α1, α2, α3
form an inner-complete graph. Then
α3α1α
k
2α3α1α2 = α3α1α
k
2α3λα1 = α3α1α
k
2µα3α1
= α3α1µα
k
2α3α1 = α3να1α
k
2α3α1 = α2α3α1α
k
2α3α1
and so W =W ′.
Let α2α3α1α
k
2α3 = α3P . Then P
.
= να1α
k
2α3. To remove ν, α1α
k
2α3
must start with α2. But the left canonical form of α1α
k
2α3 is (α1α2)(α2α3)ν
k−2
and so it may start only with α1, α2, λ. Thus α2α3α1α
k
2α3 6= α3P (α1α2α3).
Similarly α1α
k
2α3α1α2 6= Q(α1α2α3)α1.
II. Two edges are missing. In this case, there are two possible
graphs as in Figure 22 and Figure 23. For the graph in Figure 22, let
W = α4α3α
k+1
2 α3 and W
′ = α1α
2
2α
k
1α4.
Figure 22.
Add the edges λ, ν so that these edges together with α1, . . . , α4 form
an inner-complete graph. Then
α4α3α
k+1
2 α3 = λα4α
k+1
2 α3 = λα
k
2α4α2α3 = λα
k
2α4να2
= λαk2α1α4α2 = λα
k
2α1α2α4 = λα1α2α
k
1α4 = α1α
2
2α
k
1α4
and so W =W ′.
The left canonical form of α4α3α
k+1
2 is (α4α3)α
k+1
2 and so it can not
start with ν over the band-generators. Thus α4α3α
k+1
2 6= α1P (α1, . . . , α4).
The right canonical form of α3α
k+1
2 α3 is α3α
k
2(α2α3) and so it can not
finish with α4. Thus α3α
k+1
2 α3 6= Q(α1, . . . , α4)α4.
For the graph in Figure 23, let W = α2α3α
k
4α2 and W
′ = α3α
k
4α2α3.
Then W,W ′ satisfy Lemma 4.3 by using a similar argument as for
Figure 16.
III. One edge is missing. The only possible graph is Figure 24. Let
W = α4α
k
5α2α3 and W
′ = α1α4α
k
5α2
α4α
k
5α2α3 = α4α
k
5λα2 = α4λα
k
5α2 = α1α4α
k
5α2
and so W =W ′
The left canonical form of α4α
k
5α2 is itself and so it can not start
with ν over the band-generators. Thus α4α
k
5α2 6= α1P (α1, . . . , α5).
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Figure 23.
Figure 24.
Let αk5α2α3
.
= Qα2 then Q
.
= αk5ν and α5, ν commute, so ν can not be
removed. Thus αk5α2α3 6= Q(α1, . . . , α5)α2.
IV. No edges are missing. If we add any edge to the inner-complete
graph, multiple edges are created. Thus only the inner-complete graph
is eligible.
Theorem 4.5. Among all linearly spanned graphs without multiple
edges, only the Artin graphs and the inner-complete graphs have the
embedding property.
Proof. We have already discussed about linearly spanned graphs with
3 vertices. Let Γ be a linearly spanned graph with more than 3 ver-
tices that has the embedding property. First we choose a connect full
subgraph Γ′ with 4 vertices from Γ so that there is a separating circle
satisfying the hypothesis of Theorem 4.1. Choose 4 vertices that form
a connected subtree in a spanning tree of Γ. Take the full subgraph
with these 4 vertices. If there is no other vertices in faces of this full
subgraph, then this is a desired full subgraph. If there is other vertices
in the faces of this full subgraph and none of them is adjacent to the
chosen 4 vertices, then there is an edge-path starting at a vertex v
on a face and ending at one of the 4 vertices such that the edge-path
intersect the full subgraph of the 4 vertices and so v is contained in a
pseudo face. Since Γ is linearly spanned, this can not happen. Thus
at least one of vertices on faces, say w, is adjacent to one of the 4
vertices. Then we have the less number of unwanted vertices contained
in faces of a new connected full subgraph that is obtained by replacing
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one of the 4 vertices by w. By repeating this process, we eventually
obtain a connect full subgraph Γ′ with 4 vertices v1, v2, v3, v4 that can
be separated by a circle from other vertices of Γ. Theorem 4.1 and
Theorem 4.4 say that Γ′ must be either the Artin graph or the inner-
complete graph with 4 vertices. Choose a vertex v5 in Γ − Γ
′ that is
adjacent to one of v1, v2, v3, v4. If Γ
′ is an inner-complete graph, then
each full subgraph with the 4 vertices consisted of v5 and any three
vertices from v1, v2, v3, v4 must be an inner-complete graph by Theo-
rem 4.1 and Theorem 4.4. Thus the full subgraph with the 5 vertices
v1, v2, v3, v4, v5 is an inner-complete graph. By repeating this process,
Γ itself eventually becomes an inner-complete graph.
We now suppose that Γ′ is the Artin graph with 4 vertices v1, v2, v3, v4
where v1, v4 are of valency 1 and the other vertices are of valency 2.
Choose a vertex v5 in Γ−Γ
′ that is adjacent to any one of v1, v2, v3, v4.
By Theorem 4.1 and Theorem 4.4, v5 can be adjacent to either one or
both of vertices v1, v4. If v5 is adjacent to both vertices, we stop the
process. If v5 is adjacent to one vertex, say v4, then v1, . . . , v5 form
an Artin graph and we repeat this process. Eventually we see that Γ
must contain one of the following two types of graphs as a full subgraph
separated by a circle as in Theorem 4.1 unless Γ itself is an Artin graph.
The proof will be completed when we show that both types of graphs
do not have the embedding property.
m-Gon. The graph of this type is depicted in Figure 25. Let W =
α1α2 · · ·α
k
i · · ·αm−1 and W
′ = α2 · · ·α
k
i · · ·αm. Then one can show
thatW,W ′ satisfy the hypothesis of Lemma 4.3 by a similar but longer
argument as for Figure 18. Thus Γ does not have the embedding prop-
erty
Figure 25.
Pseudo m-gon. The graph of this type is depicted in Figure 26. Let
W = α2α3 · · ·αmα1α
k
2α3 · · ·αm−1αmα1α2 · · ·αm−2
and
W ′ = α3α4 · · ·αmα1α
k
2α3 · · ·αm−1αmα1α2 · · ·αm−1
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Figure 26.
Add supplementary edges λ, µ, ν.α′m−1, τm−1, τm as in Figure 26 to
form a subgraph of the inner-complete graph with m+1 vertices. Then
α2α3 · · ·αmα1α
k
2α3 · · ·αm−1αmα1α2 · · ·αm−2
= α3α4 · · ·αmλα1α
k
2α3 · · ·αm−1αmα1α2 · · ·αm−2
= α3α4 · · ·αmα1µα
k
2α3 · · ·αm−1αmα1α2 · · ·αm−2
= α3α4 · · ·αmα1α
k
2α3 · · ·αm−1µαmα1α2 · · ·αm−2
= α3α4 · · ·αmα1α
k
2α3 · · ·αm−1αmνα1α2 · · ·αm−2
= α3α4 · · ·αmα1α
k
2α3 · · ·αm−1αmα1α2 · · ·αm−1
and so W =W ′.
We now show that
α2α3 · · ·αmα1α
k
2α3 · · ·αm−1αmα1α2 · · ·αm−3 6= α3P (α1, . . . , αm).
Suppose that
α2α3 · · ·αmα1α
k
2α3 · · ·αm−1αmα1α2 · · ·αm−3 = α3P.
Then
P
.
= α4 · · ·αmλα1α
k
2α3 · · ·αm−1αmα1α2 · · ·αm−3
.
= Umτm
where Um ≡ α4 · · ·αmα1α
k
2α3 · · ·αm−1αmα1α2 · · ·αm−3. Due to the tri-
angular relation αm−1τm = αm−2αm−1, the positive word Um must end
with αm−1 in order for τm to disappear. We will show that Um can not
end with αm−1 by an induction on m ≥ 3. Clearly U3 = α1α
k
2α3 can
not end with α2 in the band-generator presentation.
Um
.
= α4 · · ·αm−1αmα1α
k
2α3 · · ·αm−1αmα1α2 · · ·αm−3
.
= α4 · · ·αm−2α
′
m−1αm−1α1α
k
2α3 · · ·αm−1αmα1α2 · · ·αm−3
.
= α4 · · ·αm−2α
′
m−1α1αm−1α
k
2α3 · · ·αm−1αmα1α2 · · ·αm−3
.
= α4 · · ·αm−2α
′
m−1α1α
k
2α3 · · ·αm−1αm−2αm−1αmα1α2 · · ·αm−3
.
= α4 · · ·αm−2α
′
m−1α1α
k
2α3 · · ·αm−2αm−1αm−2αmα1α2 · · ·αm−3
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.
= α4 · · ·αm−2α
′
m−1α1α
k
2α3 · · ·αm−2αm−1αmα1α2 · · ·αm−4αm−2αm−3
.
= α4 · · ·αm−2α
′
m−1α1α
k
2α3 · · ·αm−2α
′
m−1αm−1α1α2 · · ·αm−4αm−2αm−3
.
= α4 · · ·αm−2α
′
m−1α1α
k
2α3 · · ·αm−2α
′
m−1α1α2 · · ·αm−4αm−1αm−2αm−3
.
= Um−1αm−1αm−2αm−3
It is easy to check that Um−1αm−1αm−2αm−3 ends with αm−1 if and
only if Um−1αm−1αm−2 ends with αm−1 if and only if Um−1 ends with
αm−2 in the band-generator presentation. By the induction hypothesis,
Um−1 can not end with αm−2. Similarly we have that
α3 · · ·αmα1α
k
2α3 · · ·αm−1αmα1α2 · · ·αm−2 6= Q(α1, . . . , αm)αm−1.
Consequently W,W satisfy the hypothesis of Lemma 4.3.
References
[1] E. Artin, Theorie´ der Zo¨pfe, Abh. Math. Semin. Univ. Hamburg 4 (1925),
47–72.
[2] J. S. Birman, Braid Groups and Mapping Class Group, Annals of Math.
Studies, No. 82, Princeton University Press, 1974.
[3] J. S. Birman, K. H. Ko and S. J. Lee, A new approach to the word and
conjugacy problem in the braid groups, Adv. Math. 139 (1998) 322–353
[4] A. H. Clifford and G. B. Preston, Algebraic theory of semi-groups, Vol. I.
Amer. Math. Soc. Survey 7 (1961).
[5] E. A. Elrifai and H. R. Morton, Algorithms for positive braids,
Quart. J. Math. Oxford 20 (1994) 479–497
[6] D. B. A. Epstein (with Cannon, Holt, Levy, Patterson and Thurston), Word
Processing in Groups, Jones and Bartlett, Boston, Mass. (1992), ISBN 0-
86720-244-0
[7] F. A. Garside, The braid group and other groups, Quart. J. Math. Oxford 20
(1969) 235–254.
[8] J. W. Han and K. H. Ko, Conjugate presentations of the braid groups,
preprint.
[9] E. S. Kang, K. H. Ko and S. J. Lee, Band-generator presentation for the
4-braid group, Topology Appl. 78 (1997) 39–60
[10] J. H. Remmers, On the geometry of semigroup presentations, Advance Math.
36, (1980), 283–296.
[11] V. Sergiescu, Graphes planaires et pre´sentations des groupes de tresses,
Math. Z. 214 (1993) 477–490.
[12] H. Tietze, U¨ber die topologischen Invarianten mehrdimensionalen Mannig-
faltigkeiten Monatsh. f. Math. u. Physik 19 (1908)
Department of Mathematics, Korea Advanced Institute of Science
and Technology, Taejon, 305–701, Korea
E-mail address : jwhan@knot.kaist.ac.kr
Department of Mathematics, Korea Advanced Institute of Science
and Technology, Taejon, 305–701, Korea
E-mail address : knot@knot.kaist.ac.kr
γ
γ
γ
γ
γ
